A crewed mission to a near-Earth object (NEO) as early as 2025 was announced by President Obama on April 15th, 2010 at the Kennedy Space Center in Florida. This was announced as part of NASA's new space exploration plan after announcing plans to cancel the Constellation program. The extensive requirements of such a mission would help NASA to evaluate the performance of future space systems prior to sending a crewed mission to Mars. Apophis, an asteroid of particular interest due to its once high impact probability, would be a logical choice for a manned mission in the near future. This mission could provide a valuable NEO research opportunity to determine the composition of Apophis. This data that would be extremely useful if Apophis were to pass through the gravitational keyhole in 2029, which would then require a deflection mission. This paper focuses on mission design as well as the system architecture that would be required for this mission to Apophis. The primary mission will be a 180 day mission in the 2028-2029 range during the Earth-Apophis close encounter on April 13th, 2029. In an effort to reduce mission requirements mission analysis for missions up to 1 year will be performed as well. In this paper a crewed mission will be designed for a fictional scenario where Apophis has gone through the 2029 keyhole, which puts it on a resonant orbit that will collide with the earth on April 13th, 2036. This work provides baseline mission requirements and optimum launch windows and trajectories for the crewed mission to Apophis, as well as possible mission architecture that allow such missions. 
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I. Introduction
The Asteroid Deflection Research Center (ADRC) has been conducting a study to design a crewed mission to an asteroid, for the purpose of asteroid deflection or human exploration of asteroids. This could be done using technologies and launch vehicles currently in development for NASA's current Constellation program or its future replacement program. For this study, the mission analysis will be performed to determine the requirements for up to a 1 year mission in the 2028-2029 range as well as prior to a hypothetical 2036 Apophis impact. Possible configurations using architectures similar to Constellation as well as other possible launch vehicle will be considered for this study.
NASA's Constellation Program, originally developed through the Vision for Space Exploration, lays out a plan to fulfill the goals of the Vision for Space Exploration as well as the 2005 NASA Authorization Act. Through the Constellation Program NASA planned to develop a replacement for the shuttle, as well as the capability to deliver 4-6 crew members to the International Space Station (ISS) or the lunar surface for an extended stay. For the Constellation program, two separate launch vehicles, the Ares I and V, as well as the the Orion CEV and the Altair lunar lander are under development. Using these new launch vehicles NASA planned to complete a manned lunar mission through a dual Ares I and Ares V launch. President Obama in his speech at Kennedy Space Center on April 15th, 2010 has proposed by-passing the lunar mission for a crewed NEO mission by 2025 and a Mars mission approximately 10 years afterwards. This coincides well with the idea of a crewed Apophis mission. Apophis is not a suitable candidate for the first human NEO mission, but could be used as a stepping stone to test equipment and procedures for a future crewed Mars mission.
The idea of a crewed mission to an NEO has been proposed in several studies as far back as the Apollo era in the 1960's. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] In 1966, a study performed at NASA proposed using the Apollo and Saturn V hardware to send a crewed mission to asteroid 433 Eros. 6 The proposed mission would have taken place in 1975 when 433 Eros passed within 0.15 AU of the Earth. This study also detailed the hardware changes necessary for a 500+ day mission. A later crewed NEO study performed by O'Leary outlined the necessary mission requirements to mine several near-Earth and mainbelt asteroids. 4 The proposed missions required 1-3 years total mission times, well beyond the mission length of any recent crewed NEO studies. Several other studies were performed in the late 1980's as part of the Space Exploration Initiative, however interest in crewed NEO missions declined drastically until recent years.
Interest in crewed NEO missions has again increased as NASA's Constellation Program matures and with President Obama's current plan to bypass the proposed lunar missions for a crewed NEO mission by 2025. Over the past few years, several studies have been conducted to determine the feasibility of using Constellation hardware for a crewed NEO mission for a 45-180 day mission with a 7-14 day asteroid stay time. [1] [2] [3] The current studies have limited target asteroids to those that have low eccentricities (<0.5) and inclinations (<3.0 deg), have an Earth close approach, slow rotation (rotational periods of 10 hours or longer), and are single solitary objects. These strict limitations result in a mission requiring minimal ∆V and short mission times, generally less than 120 days.
An asteroid on a collision course with the Earth may not fit into these very narrow restrictions that recent crewed NEO studies have imposed. This is the reason why the ADRC has been developing the software necessary to help determine the feasibility of such a mission, from a mission analysis perspective, as well as possible mission architectures. The asteroid 99942 Apophis is one such asteroid and will be used as the reference asteroid for this study. A crewed mission to Apophis, which has a relatively low eccentricity of 0.1912 and an inclination of 3.3314 deg, requires a total ∆V 12 km/s for a 180 day mission (the longest allowed under the current NASA crewed NEO studies). Decreasing the mission length increases the required ∆V, the opposite is also true. This is well beyond the reach of the most proposed crewed NEO studies, which require a total ∆V of less than 7 km/s. It is because of the strict limitations of recent crewed NEO studies that the ADRC has decided to examine the feasibility of a crewed Apophis mission as well as to determine possible mission architectures. Such a mission may also be an appropriate step between the first crewed NEO and Mars missions. According to NASA/JPL's estimates Apophis has a 270 meter diameter and could generate over 500 mega-tons of energy if an impact with the Earth were to occur. This impact would be over 100 times larger than the Tunguska impact in 1908. A list of all the known orbital elements and physical properties of Apophis are given in Table 1 .
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On April 13th, 2029 Apophis will pass between 5.62 and 6.2 Earth radii (35845-40182 km), well within geostationary orbit. If Apophis were to pass through a 600 meter keyhole, within the orbital uncertainty, it will enter a resonant orbit and impact the Earth on April 13th, 2036. NASA has predicted approximately a 4-in-a million chance that Apophis will pass through the keyhole in 2029. A list of orbital elements that result in 2036 impact are shown in Table 2 . Mission analysis for a crewed mission will be performed for both the 2029 10 and hypothetical 2036 close Earth-Apophis encounters. Details on the methods and algorithms used to design the mission analysis search program can be found in Appendices A and B. "The problem is acute enough for Apophis that, if impact hasn't been previously excluded, AND there hasn't been a thorough physical characterization, it can't be known for certain it will impact until during or after the 2029 encounter, even if a spacecraft is accompanying Apophis and providing position measurements good to 2 meters. That is, the keyhole could be determined only retrospectively, after passage through it."
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II. Mission Analysis
To determine the feasibility of a manned mission to Apophis, the mission requirements must be determined. In particular the minimum ∆V necessary to complete the mission and the accompanying launch windows must be found. A computer program has been developed at the ADRC, which combines Lambert solvers with ephemeris data and various other functions to search for launch opportunities, find the required ∆V for each separate maneuver, and plot interplanetary trajectories. The program performs a search to find the minimum ∆V for each launch date by checking, in 1 day time-steps all the possible Apophis arrival, and departure date combinations. Only the desired mission length and a range of launch dates to search needs to be specified by the user. For the following analysis a 185 km circular parking orbit is assumed to be the departure point. To help minimize the total required ∆V the atmospheric entry speed is limited to a maximum of 12 km/s. Throughout this entire study an Apophis stay time of 10 days is assumed. The total mission ∆V can be lowered slightly by decreasing the total stay time. Depending on the final CEV re-entry velocity a skip re-entry may be necessary. The results obtained using this program for both the 180 and 365 day missions to Apophis near the 2029 encounter as well as a crewed mission prior to the 2036 impact will be analyzed.
A. 2028-2029 Launch Opportunities
For an NEO return mission, two possible launch dates near the Earth-asteroid close encounter always exist. One launch always returns to the Earth near the Earth-Apophis encounter date, while the other launch date occurs on the date of the close encounter. Throughout the rest of the analysis the launch prior to the Earth-Apophis close encounter will be referred to as the early launch date/window, while the launch occurring near the close encounter will be referred to as the late launch date/window.
A plot of the total ∆V required for both the early and late launch dates versus mission length (ranging from 20 to 365 days) is shown in Figure 1 . 9 As shown in Figure 1 , the total ∆V is, in general, reduced as the length of the mission increases. Figure 1 shows that a local minimum for the required total∆V occurs near the 180 day mission length. Current crewed NEO studies have limited the maximum mission length to 180 days for supply and maximum radiation dose limitations. Therefore a complete mission analysis and launch window search for a 180 day mission length, results in a required ∆V in the 10-11 km/s range. Lowering the total mission length may be possible depending on the possible mission architecture and ∆V capabilities. 
180-Day Mission Analysis
With a total mission length selected further analysis can be performed to find the dates and length of each launch window. This can be obtained by calculating the minimum launch ∆V for launch dates near the Earth-Apophis encounter. This information is shown in Figure 2 , which is a plot of launch dates versus the total required ∆V for the selected 180 day mission. As previously mentioned the first launch date occurs approximately 180 days prior to the April 13th, 2029 Apophis encounter, while the late launch date occurs on April 13th.
Further examination of Figure 2 reveals that the launch window may be the last opportunities to launch a quick return mission to Apophis. Any manned missions to Apophis after the April 13th, 2029 launch date would likely require significantly increased mission times, possibly even multiple revolutions around the sun before rendezvous, to reduce the required ∆V to an obtainable amount. A mission of this length would likely require significant modifications to the Orion spacecraft to allow for greater radiation shielding and amount of supplies carried. For a short quick return mission to Apophis the April 13th, 2029 launch is the last easily obtainable launch date.
Limiting the maximum allowable launch ∆V to 11.5 km/s allows for sufficiently large launch windows. The minimum ∆V capability requirements for the mission are determined by allowing for a 0.5-1 km/s error margin. Adding this error margin to the maximum allowable launch ∆V results in a required ∆V capability of 12-12.5 km/s. Using this 11.5 km/s limit the launch windows can be found for both launch dates. The launch windows are then found by limiting the plot in Figure 2 to the 2028-2029 time frame. The resulting graph is shown in Figure 3 , which has the total ∆V plot as well as the required ∆V for the Earth departure, Apophis arrival, Apophis departure, and Earth arrival burns. As Figure 3 shows, the early launch window is approximately 12 days starting on Oct. 12, 2028 and ending on Oct. 24, 2028. The late launch window is significantly shorter at just over 2 days in length, ranging from Apr. 12-14, 2029. A summary of nominal launch dates for both launch opportunities is shown in Table 3 . The dates for each maneuver as well as the ∆V magnitude and C 3 values are given for each maneuver. For the early launch date all of the maneuvers, with the exception of the Earth departure burn, are carried out in the last 3 weeks of the mission. The return date for the early launch date is just after the Apr. 13th, 2029 Earth-Apophis encounter, which allows for a small return ∆V because the Orion spacecraft departs Apophis a few days prior the the Earth-Apophis encounter. The opposite is true for the late launch date. Earth departure occurs during the Earth-Apophis close approach, with the Apophis rendezvous occurring a few days after Earth departure. Within the first 2-3 weeks the mission is completed, with the remaining time spent on the return cruise. No burn is necessary when the Orion spacecraft returns to the Earth because the atmospheric reentry speed is less than 12 km/s.
365 Day Mission Analysis
From Figure 1 it is clear that longer missions result in significantly lower ∆V requirements. It can be seen that extending the mission to 1 year in length results in a mission requiring a total ∆V of 6-7 km/s, significantly lower than the 10-12 km/s require for a 180-day mission. Such a mission could likely be executed using the standard Constellation or similar mission architecture. This mission would likely be used as a stepping stone between the first asteroid mission, in the 2025 time frame, and the first Mars flyby mission, to occur in the 2035 time frame. This mission could serve as a test bed for systems needed for a Mars flyby or landing mission, with a reduced mission time when compared to a Mars mission.
A plot of the total ∆V needed for 2028-2029 time frame missions can be seen in Figure 5 . Figure 5 shows the total ∆V needed for both the early and late launch date is just under 6.5 km/s, which may allow for a single launch of Ares V class of launch vehicle carrying a CEV such as the Orion crewed capsule. Both launch windows can be determined by limiting the total ∆V to 7 km/s. The early launch window has a length of 27 days lasting from from April 12th, A summary of the two nominal launch dates is shown in Table 4 . The dates for each maneuver as well as the ∆V magnitude and C 3 values are given for each maneuver as well. For the early launch date all of the maneuvers, with the exception of the Earth departure burn, are carried out in the last 2 months of the mission. The return date for the early launch date is just after the Apr. 13th, 2029 Earth-Apophis close encounter, which allows for a small return ∆V because the CEV departs Apophis a few days prior to the Earth-Apophis encounter. The opposite is true for the late launch date. Earth departure occurs during the Earth-Apophis close approach, with the Apophis rendezvous occurring a few days after Earth departure. Within the first 4-5 weeks the mission is completed, with the remaining time spent on the return cruise. In each case a burn is necessary when the CEV returns to the Earth because of the required atmospheric reentry speed of 12 km/s or less.
B. Launch Opportunities Prior to 2036 Impact
This section provides an outline of the mission requirements necessary for an asteroid deflection mission prior to impact on April 13th, 2036. This was done by ensuring that the Apophis departure date occurs on or before the impact A plot of minimum ∆V for mission lengths from 20 to 500 days is shown in Figure 6 . Examination of Figure 6 reveals that there is a minimum required ∆V of just under 8.5 km/s. A 180 day mission requires a ∆V of over 14 km/s, which is not feasible given current space propulsion technology. The 12 km/s ∆V required for a 180 day mission in 2029 is very difficult to achieve and would likely involve the use of orbital transfer vehicles that currently don't exist. This would be inappropriate for an Apophis deflection mission, where the livelihood of so many people is at stake. For this reason, the only mission analysis performed in this section will be a 365 day mission, which is near the minimum total ∆V shown in Figure 6 .
From Figure 7 it can be seen that there is only one minimum, which occurs approximately one year prior to impact of the fictional Apophis. This same plot is shown in more detail closer to the launch date in Figure 8 . This plot shows the ∆V values for each maneuver as well. Limiting the total ∆V to 9 km/s allows for a 2 week launch window starting on April 11th, 2035 and ending on April 25th, 2036. Depending on the specific architecture chosen this windows may be adjusted.
A complete summary of the nominal launch date shown in Figure 8 is provided in Table 5 . The dates and ∆V magnitudes for each maneuver, as well as C 3 and other information needed. For this mission the majority of the maneuvers, with the exception of the Earth departure burn, occur within that last 43 days of the mission. The Earth arrival date occurs just after the April 13th, 2036 impact, assuming that the crewed deflection mission is failed or aborted. The entry velocity of the CEV is 12 km/s, the maximum allowed by the searching software, and may require a skip re-entry depending on CEV requirements. It may also be possible to perform a skip re-entry in order to eliminate the Earth arrival burn and bring the total required ∆V down to approximately 8 km/s.
C. Rendezvous Mission Analysis
This section briefly describes the requirements to send a precursory robotic mission or fueling station to Apophis. The mission design was performed using a similar program being developed for a manned mission analysis. Only fast transfer orbits have been considered in the following analysis. The use of phasing orbits, gravity assist maneuvers, or multiple revolutions around the sun prior to rendezvous have not been considered. More information on possible rendezvous mission for the post 2029 fictive Apophis orbit can be found in Ref. [ 14 ] Launch opportunities were found by searching for the minimum total ∆V for each launch by allowing the arrival date to vary. The results of the search are shown in Figure 9 . Examinations of this plot shows several possible launch opportunities in the 2027-2029 date ranges. A summary of the launch opportunities found is shown in Table 6 . A total of 6 launch windows were found, however only the first 4 launch windows allows for an arrival date before or during the manned mission.
With two launch opportunities found, a mission length of 180 days, and a ∆V of 12 km/s determined to be the minimum allowable for a manned mission to Apophis, the mission architecture options can be explored. In the following sections, several possible mission configurations will be considered, with the ultimate goal of obtaining a ∆V of at least 12 km/s.
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III. Mission Architectures
Several possible mission architectures for both the 180 and 365-day missions will be evaluated in this section. A modified Orion CEV will serve as the baseline crew vehicle in each configurations. The Orion specifications obtained from a previous NASA study state that, the Orion CEV has a mass of 20,200 kg for a 21 day lunar mission. 15 This mass is modified for the baseline Orion CEV to account for a 3 person crew and the additional consumables needed for a 180 and 365 day missions. Consumables include food, water, and oxygen which are necessary for the survival of the crew. The baseline Orion CEV mass for this study is developed from the assumption that each crew member requires approximately 8 kg of consumable materials per day. 16 Specifications for the baseline Orion CEV can be seen in Table 7 . 
The current class of heavy launch vehicles includes the Delta IV-H, Atlas V-H, and the Falcon 9-H. Currently only the Delta IV-H is available, so it is the only one used in the architecture configurations shown. The Delta IV-H in this study is primarily used to carry the Orion CEV to LEO. However, the baseline Orion CEV design exceeds the payload capabilities of the vehicle by about 850 kg. The performance of the launch vehicle would need to be improved from its current 23,000 kg to LEO design. A wider fairing would also be necessary due to the diameter of the baseline Orion CEV. A configuration showing three Delta IV-H class launches, requiring no heavy lift Are V class of rocket, is also shown in Table 8 . This configuration assumes that the Orion CEV is launched in one, and two Centaur upper stages are launched in the remaining two. This architecture is shown to illustrate the upper performance limit on the Delta IV-H class of launch vehicle. The Ares V launch vehicle is being designed to deliver just under 188 mT to LEO, and makes use of a large Earth departure stage (EDS). The cryogenic EDS uses the J-2X engine, while the massive core stage makes use of six RS-68 derived engines. Two 5.5-segment reusable solid rocket motors (RSRMs) also provide thrust to the core stage. The EDS would be completely exhausted by placing the maximum 188 mT payload into orbit. Propellant can also be left over if the EDS transports a small payload such as the Orion CEV. In this case the additional propellant would be used during the Earth-departure burn. By using the TLI mass capabilities of the Ares V and the required ∆V to perform the injection, estimates of the remaining LEO propellant can be made. 15 An Ares V carrying the unmodified version of the Orion CEV has an estimated 120 mT of propellant left after delivering the CEV to LEO. The difference in supplies required between the baseline Orion CEV and the unmodified version is then subtracted from the 120 mT to achieve a more refined mass estimate for the usable propellant in LEO. Any architecture which launches an Ares V EDS without a payload, the mass of the baseline Orion CEV is added to the available propellant mass of the EDS in LEO.
Using a cryogenic OTV as the payload for the Ares V can provide better performance capabilities than an EDS because the OTV has a lower dry mass than the EDS. Utilizing the full payload capabilities of the Ares V can allow for a large, modified upper stage to be docked with the Orion CEV. Assuming a burnout mass equal to 10 percent of the total OTV mass, it is reasonable to estimate that a cryogenic OTV could provide around 170 mT of usable propellant in LEO. Three Ares V EDS stages do not provide the upper ∆V limit of 12 km/s, required for the 180-day crewed Apophis mission in the 2028-2029 range. The use of 3 OTVs instead of the EDS is necessary to achieve a total ∆V of 12+ km/s.
In Table 8 an option including a nuclear thermal upper stage is also provided. A nuclear thermal rocket utilizes liquid hydrogen, which becomes super-heated by the thermal energy given off by a fission reaction. The energy density of the hydrogen increases, the hydrogen is expanded through a nozzle to produce thrust. Based on previous research, the I sp performance of such an engine is estimated at around 940 s. 18 In each NTR case, the burnout mass is estimated to be approximately 20 percent of the total upper stage mass. Although normal upper stages have mass ratios of around 10 percent, additional margin is added to account for the inclusion of a space-rated nuclear reactor. Table 8 shows that producing ∆V capabilities of around 12 km/s requires a very complex system architecture. It may be difficult to accomplish, but the worst-case 180 day crewed Apophis mission is theoretically feasible. However, it should also be noted that propellant boil-off and truss adapters to connect all upper stages are not included in the configuration performances. The inclusion of truss adapters would slightly decrease architecture performance, while propellant boil-off may or may not reduce performance depending on mission length and the burn timing.
While complex mission architectures are required to obtain the ∆V necessary for the 180-day Apophis mission, relatively simple architectures are capable of the 6.5-7 km/s ∆V required for the 1 year mission near the 2029 close encounter. A single launch of the Ares V carrying the Orion CEV is capable of approximately 6.77 km/s ∆V, sufficient for the 2028-2029 1-year missions. If the ∆V margins are not deemed insufficient for the single Ares V launch, a Delta IV-H class launch vehicle could be used to launch the Orion CEV, while the Ares V would launch only the EDS. A 1-year mission would also be ideal to test the feasibility of using the Orion CEV for extended mission as well as other technologies needed for a Mars mission.
The late 1-year mission, in the 2035-2036 date range, requires an architecture capable of producing 9-10 km/s. This number allows extra margin for correction maneuvers, maneuvers while orbiting near Apophis, and possibly lowering the Earth entry velocity. The simplest architecture from Table 8 capable of 9+ km/s ∆V is a 2 person crew utilizing 2 Ares V launches. One Ares V would be used to launch the Orion and an EDS, while the second Ares V would launch an additional EDS.
Several configurations have been found that allow both the 180-day and 1-years mission. The launch vehicles utilized in this section are meant to be representative of launch vehicle classes. The Delta IV-H represents all medium lifting rockets with similar performances, while the Ares V is meant to represent whatever heavy lift rocket is ultimately developed. These configurations will need to be adjusted when a heavy lift rocket becomes available. One of the medium class launch vehicles, the Delta IV-H, Atlas V-H or Falcon 9-H will need to be man-rated as well. However, Table 8 shows that configurations are possible for crewed mission discussed in this paper. The 12 km/s ∆V configurations are the most complex and therefore least likely to be employed.
IV. Conclusion
The ∆V required for a crewed Apophis mission in the 2029 time-frame is significantly reduced as the mission length is allowed to increase. The longest mission length allowed in the recent crewed NEO studies is 180-days. For the crewed Apophis mission this mission length correspond to a total ∆V requirement of 12 km/s. Several mission architectures capable of this high ∆V have been identified in this paper. However, the architectures capable of providing a ∆V of 12+ km/s are complex when compared to lower ∆V configurations. This could be viewed as either an opportunity to test more complex architectures, similar to those likely required for Mars missions, or a reason to extend the mission length out to the 1-year length. Increasing the mission length to 1-year for a crewed mission to Apophis in the 2029 time frame lowers the ∆V requirement for both the early and late launch dates to under 6.5 km/s. It is possible to achieve this performance from a single Ares V class of launch vehicle, making this option much more desirable.
A crewed mission to a hypothetical Apophis orbit, which will result in an impact on April 13th, 2036, has also been discussed. In this case the only one launch windows was found because the CEV was required to arrive at Apophis prior to impact. This mission would be carried out strictly for a crewed asteroid deflection mission and requires a total ∆V of approximately 8.5 km/s. The minimum mission architecture for this configuration requires the use of 2 Ares V class of launch vehicles.
It appears that a crewed mission to Apophis is feasible with configurations similar to those proposed by the Constellation program. Such a mission requires a longer total mission length to lower the total ∆V requirements. A mission of this length could be used as a step between the first crewed NEO mission in 2025 and the proposed Mars mission in 2035.
Appendix A: Solution to Lambert's Problem
The purpose of this appendix is to lay the ground work necessary to build a computational tool for obtaining the trajectories and results presented in this paper. Several solutions to Lambert's problem have been tested to determine the most efficient solution. Ephemeris data will be needed to calculate the positions of the Earth and each asteroid that is tested.
For any given two position vectors and the time-of-flight (TOF), the orbit determination problem is called Lambert's problem. For this reason Lambert's problem is well suited for an initial orbit determination and searching technique. In Lambert's problem the two position vectors and the TOF are known, but the orbit connecting those two points is unknown. The classical Kepler problem is used to determine a position as a function of time where the initial position and velocity vectors are known. Various solutions so Lambert's problem can be found in the literature. [19] [20] [21] [22] While many solutions methods have been proposed, three commonly used methods are the classical universal variable method, 19, 21, 22 Battin's more recent approach using an alternate geometric transformation than Gauss' original method, 20, 22 and the method developed by Lancaster and Blanchard 23 with improvement and additional details provided by R.H. Gooding. 24, 25 The search for launch dates often requires Lambert's problem to be solved thousands, often millions of time. For this reason the object of this section is to outline the most efficient method to solve Lambert's problem.
A. Lambert Problem Definition
In Lambert's problem the initial and final radius vectors and time-of-flight are given respectively as, r 0 , r, and ∆t. The magnitudes of r 0 and r are defined as r 0 and r. The following parameters are also needed for the post processing for each solution method.
A method to determine the transfer angle ∆θ without quadrant ambiguity is described below. 21 The transfer angle ∆θ for a prograde orbit is determined as follows:
Similarly the transfer angle for a retrograde orbit is determined as:
B. Battin's Solution
Let's consider Battin's approach first proposed in the 1980's and later published in his book. 20 This solution is similar to the method used by Gauss, but moves the singularity from 180• to 360• and dramatically improves convergence when the θ is large. It should also be noticed that Battin's solution works for all types of orbits (elliptical, parabolic, and hyperbolic) just as Gauss's original solution does. Throughout this section a brief outline of Battin's solution will be given. Any details left out can be found in Battin's book. 20 
Geometric Transformation of Orbit
Lambert's problem states that the time-of-flight is a function of a, r 0 + r, and c. Therefore the orbit can be transformed to any shape desired as long as the semi-major axis a, r 0 + r, and c are held constant. For Battin's formulation 20, 26, 27 the orbit is transformed such that the semi-major axis is perpendicular to the line from r 0 to r, which is c by definition. The geometry of the transformed ellipse is shown in Battin's book. 20 From here the equation for the pericenter radius, r p , is given below. The details leading up to this function can be found in Ref. [ 20 ] .
where e 0 is the eccentricity of the transformed orbit, while r 0p is the mean point of the parabolic orbit. 20 The mean point of the parabolic radius r 0p is also given by:
The value of tan 2 (2w) is needed for the calculation, which will be defined later. Next Kepler's time of flight equation can be transformed into a cubic equation, which must then be solved. First y will be defined as:
Kepler's time-of-flight equation can now be represented by the following cubic equation.
In the above equation l, m, and x are always positive and are defined below. To calculate l, the following two equations, dependent only on the geometry of the problem, are also necessary.
Using Eqs. (9) and (10), can be calculated as follows. 
Initial conditions for x that guarantee convergence are:
The cubic function (Eq. (8)) can now be solved using the following sequential substitution method:
1. An initial estimation of x is given by Eq. (15).
2. Calculate all the values needed for the cubic from Eqs. (9), (10), (11) or (12), and (13).
3. Solve the cubic Eq. (8) for y.
4. Use Eq. (14) to determine a new value for x.
5. Repeat the above 3 steps until x stops changing.
We now have a nearly complete solution algorithm for Lambert's problem, although solving the cubic function is not a trivial matter. Battin 20 next develops a method to flatten the cubic function to improve the convergence rate, as well as a method using continued fractions to determine the largest real positive root of the cubic function. The following section gives the equations necessary to find the flattening parameters and solve the cubic function.
Use of Free Parameter to Flatten Cubic Function
The cubic equation, Eq. (8), from the previous section can now be represented in terms of the flattening parameter functions, h 1 and h 2 , as follows:
The flattening parameters can be represented in terms of x, l, and m as
The function ξ(x) needed for the calculation of h 1 and h 2 is calculated from the continued fraction as follows: 
where η is defined as
Solving the Cubic Function
In this section a method to determine the largest real root of Eq. (16) is outlined. Using this method a successive algorithm can be used ultimately to determine the f and g functions, given by Ref. [ 19, 22 ] . Using the Lagrangian f and g functions the initial and final velocity vectors are then obtained. The first step is to calculate B and u as follows:
Also, K(u) is the calculated from the continued fraction K(u) = 
where the coefficients for the odd and even coefficients of u are generally obtained from the following two equations.
The largest positive real root for the cubic equation is calculated as
The cubic function (Eq. (16)) can now be solved using the following sequential substitution method.
2. Calculate all the values needed for the flattening parameters Eqs. ( 17) and (18 ) from Eqs. (9), (10), (11) or (12), and (13).
3. Calculate η(x) from Eqs. (19) and (20). 4. Calculate K(u) using Eqs. (21), (22), and (23) 5. Calculate the solution for the cubic function using Eq. (26) for y.
6. Use Eq. (14) to determine a new value for x.
7. Repeat the above 5 steps until x stops changing.
The next step is to determine the semi-major axis of the orbit. If the semi-major axis is positive,the orbit is elliptical, and the initial and final velocity vectors can be calculated as follows. The hyperbolic and parabolic velocity vectors are calculated in a similar manner. 
Determining the Lagrange Coefficients for Elliptical Orbits
The Lagrange coefficients for the elliptical orbit case can be calculated from the following set of equations.
β e = 2 sin
α e = 2 sin
The Lagrangian coefficients can be calculated as follows:
With the Lagrangian coefficients now known, the initial and final velocity vectors can be found from the following equations.
This concludes the solutions to Lambert's problem using Battin's method.
C. Bate, Mueller and White Universal Method
In this section one of the methods used for the multiple revolution Lambert solutions will be presented. This solution is a universal method first proposed by Bate, Mueller, and White 19 and covered extensively in literature. 21, 22, 28 Another method, which uses Gooding's 24, 25 extension to the universal method formulated by Lancaster, 23 was used to confirm the result from the BMW method.
In this method the time-of-flight equation can be written as:
Where S and C are the Stumpff functions 19 and x, y, and A are:
Where + for a prograde orbit and -for a retrograde orbit. A plot of the universal time-of-flight equation 40 is shown in Figure 10 . The 0-revolution solutions are found in the region up to 4π 2 , with the multiple revolution region occuring when z is greater than 4π 2 . The regions are bounded by:
The number of complete revolutions is represented by n. 
D. Computational Efficiency for 0-Revolution Solution Methods
In this section an overview of the performance obtained from various Lambert problem solutions will be discussed. The three methods covered in this section are Battin's solution (discussed above), a universal variable using a Newton method, similar to BMW 19 and Curtis, 21 and lastly a universal variable solution using the bisection method, similar to Vallado. 22 Table 9 . Information on the computer used for the computational efficiency study.
Model
Dell T3500 Workstation Operating System Windows Vista Enterprise 64 bit Processor 2 x Intel(R) Xeon(R) W3520 2.67 GHz Memory 6.00 GB 1066 Mhz DDR3 Matlab R2009b-64 bit For all calculations Matlab R2009b (64 bit version) was used. A compile environment would likely increase the general speed of the program, however the program is being written so the final version can be easily used and modified by others. Table 9 has all the information relevant to the computer used for these calculations. The computer used was a dual quad core Xeon processor (8 total cores) running Windows Vista Enterprise. In each case the program was run for an example case that is representative of cases that the program would be likely to be used for. In this case it was ran to compute a porkchop plot for an asteroid rendezvous mission. A plot of the number of solutions per second for each of the three solutions is given in Figure 11 . Analysis of this plot indicates that the Battin solution is significantly more efficient than either the Newton or bisection solutions. In the same way the Newton universal variable solution is much slower than the bisection method. In general the Newton method would be expected to be more efficient than a bisection method. In this case it is likely that the Newton method doesn't always converge and runs through every loop iteration allowed by the program. On average the Battin solution is 8.94 times faster than the bisection method and 158.66 times faster than the Newton solution method. The maximum number of solutions obtain using all 8 cores (maximum in every case) for the Battin, Newton, and bisection method are 14317, 1867, and 174 respectively.
F. Ephemeris Data
To calculate the ephemeris data the Julian date must first be calculated 21 . Once the Julian date is determined, the planetary orbital elements can be calculated from ephemeris tables. The method presented in this section has linear drift rates for each orbital elements, as well as initial values. In this way the orbital elements of each planet can be determined as a function of Julian date. The orbital elements are calculated in the following manner. If X is defined to be any of the 6 orbital elements, then the orbital elements can be calculated in the following manner.
where T 0 , the number of Julian centuries between J2000 and the date, is calculated from the Julian date.
From the mean anomaly (M) and the eccentricity (e), the eccentric anomaly (E) can be found. Then, the true anomaly (θ) easily can be found. Finding the eccentric angle from M and e requires the Newton iteration method to solve Kepler's time equation, which is described in Curtis 21 .
G. Obtaining the State Vector from Orbital Elements
With all six orbital elements found from the ephemeris routine, the state vector can be calculated. The radius vector is needed for the inputs to Lambert's problem, as well for plotting trajectories. The velocity vectors are also needed to calculated ∆V's when the each Lambert solution is obtained. The function resulting from this section will be useful in many other situations as well. The first step is to calculate the radius and velocity vectors in the perifocal frame 21, 22 .
r pqw = h 
Where the specific angular moment, h, is given by
The transformation matrix from the perifocal frame to the body centered frame is given by 13 .
cos Ω cos ω − sin Ω sin ω cos i − cos Ω sin ω − sin Ω cos ω cos i sin Ω sin i sin Ω cos ω + cos Ω sin ω cos i − sin Ω sin ω + cos Ω cos ω cos i − cos Ω sin i sin w sin i cos w sin i cos i  
The radius and velocity vectors in the body centered frame are then transformed by r ijk = Q r pqw (53)
H. Obtaining Orbital Elements from State Vector
In this section a method to obtain the six classical orbital elements, a, e, i, Ω , ω, and θ, from the state vector will be discussed. The sixth orbital element is actually, t p , but this can be obtained directly from θ. This conversion is necessary to propagate orbits and determine the orbital elements after the solution to Lambert's problem has been obtained. All of the following hold true in this section, r = | r|, v = | v|, and h = | h|.The first step is to determine the specific angular momentum vector as follows:
The eccentricity vector and orbit eccentricity can be found as
With the angular momentum and eccentricity now known, the orbit's semi-major axis can be found as
The inclination of the orbit can be obtained from the angular momentum vector as the inverse cosine of the z component of the angular momentum vector divided by the magnitude of the angular moment. By definition the inclination must be between 0 o to 360 o , so there won't be any quadrant ambiguities.
The node line vector is required to obtain both the right ascension of the ascending node, and the argument of perigee of the orbit. The node line is calculated from N = K × h (60)
The longitude of the ascending node Ω is found from Ω = cos 
I. Solution of Kepler's Time Equation
For the ephemeris routine above a solution to Kepler's time equation is required. In this case both mean anomaly angle, M, and and the eccentricity, e, of the orbit are known parameters. A simple solution using Newton's method is presented in this section 21 .
The first step for the Newton iteration process is to select and initial value for E.
The Newton process repeats the following two functions until E stops changing within a specified tolerance.
error = E i − e sin E i − M 1 − e cos E i (67)
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